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Abstract
Geometric frustration of interacting spin systems is the driving force of a variety of fascinating phenomena in low-
dimensional magnetism. In this contribution I will review recent results on frustration-induced effects in magnetic
molecules, i.e. zero-dimensional magnetic systems, as well as in a recently synthesized frustrated molecule-based
spin tube, i.e. a one-dimensional spin system.
c© 2018 Elsevier B.V. All rights reserved.
PACS: 75.50.Xx,75.10.Jm,75.40.Cx
Keywords: Magnetic Molecules; Heisenberg model; Antiferromagnetism; Three-leg ladder
1. Introduction
Antiferromagnets with competing interactions are
said to be geometrically frustrated. As a result they ex-
hibit a variety of fascinating phenomena [1]. In this con-
text the term frustration describes a situation where
in the ground state of the corresponding classical spin
system not all interactions can be saturated simultane-
ously. A typical picture for such a situation is a trian-
gle of antiferromagnetically coupled spins, where clas-
sically the spins are not in the typical up-down-up con-
figuration, but assume a ground state that is charac-
terized by a relative angle of 120◦ between neighboring
spins. This special type of classical ground state char-
acterizes several frustrated spin systems, among them
giant Keplerate molecules [2,3,4], the triangular lattice
antiferromagnet, and the kagome lattice antiferromag-
net.
Among the phenomena caused by frustration are
magnetization plateaus and jumps as well as unusual
susceptibility minima, as observed for example for the
kagome lattice antiferromagnet [5,6]. Some of these ef-
fects can also occur in certain strongly frustrated mag-
netic molecules such as the Keplerate {Mo72Fe30}[7]
and in a cuboctahedral molecule [8] which has been al-
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ready synthesized as {Cu12La8}, but has not yet been
magnetically characterized [9]. It has also soon be no-
ticed that the high degeneracy of magnetic levels at
the saturation field, where the unusual jumps occur,
should also have an enormous impact on the magne-
tocaloric effect. An adiabatic process should yield a
massively enhanced cooling rate in the vicinity of large
magnetization jumps. Such a behavior was first antici-
pated for the classical version of the kagome lattice an-
tiferromagnet [10] and subsequently demonstrated for
certain low-dimensional quantum spin systems [11]. In
addition it could be shown that this effect is rather sta-
ble against perturbations [12]. In the following section
some of these effects will be reviewed in more detail.
Interlinking the zero-dimensional molecular units
to cluster-based networks is a highly interesting new
route in molecular magnetism, especially if the de-
gree of magnetic exchange between the cluster entities
can be varied over a wide range. Examples for such
cluster-based networks are e. g. given by chains [13]
and square lattices [14,15] of the magnetic Kepler-
ate molecule {Mo72Fe30}. These systems show new
combinations of physical properties that stem from
both molecular and bulk effects. As an example for a
quasi one-dimensional molecule-based frustrated spin
system the recently synthesized three-leg ladder com-
pound [(CuCl2tachH)3Cl]Cl2 will be discussed [16,17].
Throughout the article the spin systems are modeled
0304-8853/18/$ - see frontmatter c© 2018 Elsevier B.V. All rights reserved.
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by an isotropic Heisenberg Hamiltonian augmented
with a Zeeman term, i.e.,
H
∼
=−
∑
u,v
Juv s
∼
(u) · s
∼
(v) + gµBBS
∼
z . (1)
s
∼
(u) are the individual spin operators at sites u, S
∼
is
the total spin operator, and S
∼
z its z-component along
the homogeneous magnetic field axis. Juv are the ma-
trix elements of the symmetric coupling matrix. In the
following we will consider only antiferromagnetic cou-
plings which are characterized by negative values of
Juv.
2. Frustration effects in magnetic molecules
For not too strong frustration, i.e. not too large de-
viation from bipartiteness [18,19], many spin systems
possess properties that are similar to or in accord with
their unfrustrated, i.e. bipartite counterparts. This is
for instance the case for antiferromagnetically coupled
Heisenberg spin rings, which – if even-membered – are
covered by such famous rigorous results as the sign rule
of Marshall and Peierls [20] and the theorems of Lieb,
Schultz, and Mattis [18,19]. A key quantity of interest
is the shift quantum number k = 0, . . . N − 1 associ-
ated with the cyclic shift symmetry of the rings. The
corresponding crystal momentum is then 2pik/N . For
the aforementioned rings with even N (bipartite) one
can explain the shift quantum numbers for the relative
ground states in subspaces H(M) of total magnetic
quantumnumberM [18,19,20]. In recent investigations
we could numerically verify and prove in some cases,
that even for frustrated rings with odd N astonishing
regularities hold, and thus a generalized sign rule can
be established, which holds for chains of arbitrary sizes
[21].
An antiferromagnet that can be decomposed into
two sublattices has as its lowest excitations the rota-
tion of the Ne´el vector as well as spin wave excita-
tions [22]. In finite size systems these excitations are ar-
ranged in rotational (parabolic) bands of energy eigen-
values as a function of total spin. Such a behavior is
most pronounced for bipartite, i.e. unfrustrated sys-
tems [23,24,25]. It turns out that the idea of rotational
bands can be used to approximate the low-lying en-
ergy spectrum of the Keplerate molecule {Mo72Fe30}
which due to the huge size of the Hilbert space prac-
tically cannot be dealt with by other quantum meth-
ods [26]. Such an approximation can explain the field
dependence of the magnetization at low temperatures
[26]. It also predicts a strong resonance in the inelas-
tic neutron scattering cross section at the separation
between the two lowest bands which was indeed dis-
covered in a recent experiment using inelastic neutron
scattering [27].
Fig. 1. Top: Minimal energies of the icosidodecahedron for
s = 1/2. The highest four levels fall on a straight line. Bot-
tom: Resulting (T = 0)-magnetization curve. The magne-
tization jump of ∆M = 3 is marked by an arrow.
Nevertheless, the agreement of some properties with
those of the corresponding non-frustrated counterparts
is only approximate. Frustrated antiferromagnets ex-
hibit their very own characteristic features. One of
them is given by independent magnons which occur in
certain spin arrays. It has been found that the mini-
mal energies Emin(S) of antiferromagnetic molecules of
cuboctahedral and icosidodecahedral structure depend
linearly on total spin S above a certain total spin [28].
Such a dependence, which is depicted in Fig. 1(top)
for an icosidodecahedron with intrinsic spin s = 1/2,
results in an unusually big jump to saturation as can
be seen in Fig. 1 (bottom). Although first noticed for
the Keplerate molecule {Mo72Fe30}, such a behavior
is quite common for a whole class of frustrated spin
systems including for instance the kagome or the py-
rochlore lattice antiferromagnet [6,29] as well as for
other frustrated magnetic molecules [8]. The underly-
ing reason is that due to the special geometric frustra-
tion in such systems – even polygons are surrounded
by triangles – the relative ground states in subspaces
H(M) are for big enoughM given by product states of
independent localized magnons. This is one of the rare
examples where eigenstates of an interacting many-
body Hamiltonian can be constructed analytically.
From a condensed matter point of view the occur-
rence of independent and localized magnons can be
understood by looking at the band structure in one-
magnon space. Figure 2 shows as an example the en-
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Fig. 2. Top: Structure of the sawtooth chain, which hosts
independent magnons (highlighted) for J2 = 2J1. Bottom:
Energy bands in one-magnon space; the flat band consists
of N/2 degenerate levels.
ergy levels of the sawtooth chain, a structure that can
exhibit a truly giant magnetization jump of half of the
saturation magnetization [29]. In one-magnon space
the energy levels form two bands: an N/2-times de-
generate (flat) ground state band and a cosine shaped
excited band. It is clear that the degenerate states of
the flat band can be superimposed in order to form lo-
calized objects which are independent if well-enough
separated. The occurrence of flat bands seems to be
rather common [30], they exist for instance in the afore
discussed magnetic molecules of icosidodecahedral and
cuboctahedral structure as well as in the kagome and
the pyrochlore antiferromagnet [29].
0 0.1 0.2 0.3 0.4 0.5
B/B
sat
0
0.1
0.2
0.3
0.4
0.5
M
/M
sa
t
up cycle (simulation)
down cycle (simulation)
analytical results
T = 0
Fig. 3. Hysteresis behavior of the classical icosahedron in an
applied magnetic field obtained by classical spin dynamics
simulations (thick lines) as well as by analytical stability
analysis (grey lines). The curves match perfectly [31].
As the last point of this section I want to discuss
the observation that hysteresis can occur without
anisotropy. Usually the observation of hysteresis effects
in magnetic materials is an outcome of their magnetic
anisotropy. In a recent article we could report that
magnetic hysteresis (Fig. 3) occurs in a spin system
without any anisotropy [31]. Specifically, we investi-
gated an icosahedron where classical spins mounted on
the vertices are coupled by antiferromagnetic isotropic
nearest-neighbor Heisenberg interaction giving rise to
geometric frustration. At T = 0 this system undergoes
a first order metamagnetic phase transition at a criti-
cal field between two distinct families of ground state
configurations. The metastable phase of the system is
characterized by a temperature and field dependent
survival probability distribution. Our exact classical
treatment shows that the abrupt transition at T = 0
originates in the intersection of two energy curves be-
longing to different families of spin configurations that
are ground states below and above the critical field.
The minimum of the two energy functions constitutes
a non-convex minimal energy function of the spin sys-
tem and this gives rise to a metamagnetic phase tran-
sition [32]. We could also show that the corresponding
quantum spin system for sufficiently large spin quan-
tum number s ≥ 4 possesses a non-convex set of lowest
energy levels when plotted versus total spin [31] which
again leads to a nontrivial magnetization jump. Never-
theless, the investigation of the hysteretic behavior of
the quantum systems remains an open problem so far
since the magnetization dynamics should involve the
modeling of the relaxation of the quantum spin system
in a time-dependent field and coupled to a thermostat.
This future investigation will either be performed by
solving the complete Schro¨dinger dynamics of the cou-
pled spin and bath systems or by following effective
Master equations, compare e.g. Ref. [33].
3. Frustration effects of the three-leg ladder
compound [(CuCl2tachH)3Cl]Cl2
Recently we reported the magnetic features of a new
one-dimensional stack of antiferromagnetically cou-
pled equilateral copper(II) triangles, see top of Fig. 4
[16,17]. High-field magnetization measurements (bot-
tom of Fig. 4) showed that the interaction between
the copper triangles is of the same order of magnitude
as the intra-triangle exchange although only coupled
via hydrogen bonds. Thus, this molecule-based infi-
nite chain turns out to be an interesting example of a
frustrated cylindrical three-leg ladder with competing
intra- and inter-triangle interactions.
A key question concerns the structure of the low-
lying levels and especially the existence of a singlet-
triplet and a singlet-singlet gap. Using finite size
extrapolations of Lanczos diagonalization results we
demonstrated that the ground state is a spin singlet
which is gapped from the triplet excitation, compare
top panel of Fig. 5. It turned out that also the first
excited singlet is gaped from the ground state singlet,
see bottom panel of Fig. 5.
Our findings provoked theoretical investigations of
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Fig. 4. Top: Schematic structure of the triangular cop-
per chain: The copper ions are placed at the vertices, in-
tra-triangle exchange pathways are drawn by grey lines
(J1 = −0.9 K), inter-triangle couplings are given by black
lines (J2 = −1.95 K). Bottom: Magnetization per copper
triangle: Experimental data taken at a cryostat tempera-
ture of 0.4 K are given by thick solid lines, the two data
sets are practically identical. The theoretical estimates are
given for 18 and 24 spins, i. e. 6 or 8 triangles. The satura-
tion field is Bsat = 11 Tesla [17].
related models which yield that this frustrated spin
system should not have a gap [34,35]. The arguments
are as follows
(i) It is shown in Ref. [34] that the Hamiltonian of a
ladder compound such as [(CuCl2tachH)3Cl]Cl2
can be mapped onto a simpler Hamiltonian of
a linear chain of effective spins. For weak inter-
triangle couplings J2 each triangle basically
remains in the triangular ground state with
Striangle = 1/2, and thus the ladder should be
an effective s = 1/2 chain, which is augmented
by additional chiral degrees of freedom [34].
Such a chain should have a twofold degenerate
ground state. In the opposite case where the
inter-triangle coupling dominates, the triangu-
lar ground state should have Striangle = 3/2, and
then the ladder should be an effective s = 3/2
chain, which, since being a half-integer chain, is
gapless.
(ii) Ref. [35] also provides a numerical argument.
The Hamiltonian of [(CuCl2tachH)3Cl]Cl2 is di-
agonalized for the relevant exchange parameters
J1 = −0.9 K, J2 = −1.95 Kwith the help of Den-
sity Matrix Renormalization Group Techniques
(DMRG). Using DMRG one can determine the
ground state energies in subspacesH(M) of total
magnetic quantum number M for much larger
chains. Nevertheless, due to technical problems
with the boundary conditions which are intrin-
sic to the method only the gap to the pentuplet
Emin(S = 2)−Emin(S = 0) could be determined,
Fig. 5. Top: Finite size extrapolation of the singlet-triplet
gap ∆1 = Emin(S = 1) − Emin(S = 0) and the pentu-
plet-single gap ∆2 = Emin(S = 2) − Emin(S = 0) for
[(CuCl2tachH)3Cl]Cl2. Both gaps for the infinite chain are
estimated to be non-zero. Bottom: Finite size behavior of
the singlet-singlet gap for [(CuCl2tachH)3Cl]Cl2. The two
leftmost data points for eight and ten triangles have an un-
certainty of about ±0.2 K due to the restricted accuracy of
the Lanczos procedure for excited states [17]. The dashed
line in both figures shows the upper boundary of the gap
size according to Ref. [36].
which indeed tends to zero.
(iii) The most general argument of Ref. [35] states
that the three-leg ladder should either have a de-
generate ground state or be gapless according to
a proof given in Ref. [36]. This proof is applica-
ble for arbitrary ladder compounds with an odd
number of sites on the rungs and half-integer in-
trinsic spin quantum number as long as the sys-
tem possesses translational symmetry along the
ladder. To the best of our knowledge this proof
should be correct.
The above arguments suggest that the finite size ex-
trapolation of Ref. [17] might be biased by too short
sample systems (up to ten triangles). In addition the
role of the boundary conditions might be crucial for
the actual numerical convergence. In order to estimate,
to which system size a precise gap estimation must be
performed in order to definitely decide about low-lying
gaps, the upper bound according to Ref. [36] is dis-
played as a dashed line in Fig. 5. It seems realistic to
reach conclusion about the singlet-singlet gap, whereas
the two other gaps ∆1 = Emin(S = 1) − Emin(S = 0)
and ∆2 = Emin(S = 2) − Emin(S = 0) approach the
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theoretical bound for rather large system sizes only.
Summarizing, the existence of low-lying gaps in the
new frustrated three-lag ladder appears to be ruled
out for the perfect model system. Investigations on the
real spin system, both theoretically and experimen-
tally, will continue.
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